INTRODUCTION
The theoretical studies on the capillary equilibrium shapes in liquids have a long history, with many publications in this field (Lamb, 1960; Myshkis, 1976; Finn, 1986) . This area of hydrodynamics also covers the problem of liquid bridge formation in the zones of a triple contact: solid, liquid, and gas. The role of capillary bridges has been recognized to be important in many systems and phenomena such as adhesion of particles (dust, powders) to solid surfaces, consolidation of granules and porous media, dispersion of pigments and wetting of powders, obtaining latex films, antifoaming, capillary condensation, attraction between hydrophobic surfaces, etc. An understanding of transport phenomena in unsaturated fractured porous media is the key to the successful description of a number of industrial processes such as oil recovery from petroleum reservoirs (Dejam and Hassanzadeh, 2011) , water resources, and waste disposal management (Ghezzehei and Or, 2005; Or and Ghezzehei, 2007) . Ghezzehei and Or (2005) developed a theoretical model for liquid fragmentation along inclined fractures and applied this model to the study of the potential for more rapid arrival times of pollutants carried with discrete liquid elements along the inclined fractures compared to continuum liquid film flow on both fracture walls. Dejam and Hassanzadeh (2011) studied the formation of liquid bridges between porous matrix blocks. They coupled a liquid element elongation model with various fracture capillary pressure models to study the liquid bridge formation phenomenon. They concluded that a threshold Bond number plays a significant role in the formation of liquid bridges between the matrix blocks.
A number of theoretical studies have investigated static liquid bridges (Erle et al., 1971; Kralchevsky and Nagayama, 2001 ). The bridges were also studied theoretically in the aforementioned works. However, all of these works were usually performed at small length scales and the gravity effects were neglected.
NOMENCLATURE b
semi-height of a channel limited by parallel flat walls Bo Bond number (ρgR Liquid bridges are often formed in tubular condensers between adjacent cylinders located one under the other. These bridges can be immobile or slowly moving if the cylinders are inclined relative to the horizon. When analyzing mass and heat transfer processes in such industrial units, it is necessary to know the size and shape of the liquid bridges, and their motion should be taken into account. Pitts (1973) reduced the task of constructing the shape of a bridge cross section between cylinders to an ordinary nonlinear differential equation, whose solution is found in the form of elliptic integral functions. Alekseenko and Kuibin (1996) presented the results of theoretical and experimental studies of bridge flows between adjacent cylinders. In these studies, the shape of the free boundaries of the bridge is determined by the Pitts (1973) method, and the solution to the problem of bridge flow is found by the method of boundary integral equations (Brebbia et al., 1984) . Maltsev and Zuikova (2004) presented the solution to the problem of the shape of a static capillary bridge with gravity effects in an analytical form.
This work deals with the theoretical and experimental study of capillary bridge formation between parallel cylinders and their movement along the cylinders. Here, the method for calculating the shape of the cross section of an immobile capillary bridge between horizontal cylinders in analytical form is presented, an approximated calculation method for the bridge flow of a viscous liquid between the inclined cylinders is suggested, experimental studies of the bridge flows are carried out, and theoretical and experimental data are compared.
DETERMINATION OF THE SHAPE OF AN IMMOBILE LIQUID BRIDGE BETWEEN HORIZONTAL CYLINDERS
Two horizontal cylinders were located one under the other. An immobile liquid bridge was held between the cylinders by capillary and gravity forces. A schematic view of the bridge cross section is shown in Fig. 1 , where R 0 and R 1 are the radii of the lower and upper cylinders, respectively; H is the distance between the cylinders; and θ 0 is the contact wetting angle. A balance of forces acting along the profile of free boundary L of the bridge from the liquid side and the atmosphere side allows us to write the following relationship:
where P 0 is the pressure inside the bridge at the coordinate origin; P ∞ is the pressure in the gas space around the bridge; ∆P = P ∞ − P 0 ; ρ is the liquid density; g is the acceleration of gravity; σ is the surface tension; ϕ is the angle between the tangent to line L and axis X; and S is the arc length along L, counted from the point of its contact with the lower cylinder. Taking into account that dϕ/dS = (dϕ/dY ) sin ϕ and integrating Eq. (1), we obtain the relationship valid along line L as follows:
where
and Y 0 and ϕ 0 are the ordinate and angle ϕ, respectively, at the contact point between the free boundary of the bridge and the lower cylinder. Equation (2) determines dependence Y (ϕ). To find dependence X(ϕ), we use the following relationship:
Then, based on Eq.
(1) we obtain Thus, formulas (2) and (3) determine the shape of the left and right branches of curve L in dimensionless form as follows:
were x = X/R 0 , y = Y /R 0 , Bo = ρgR 2 0 /σ, and G = ∆P/ρgR 0 . The Bond number is determined by the initial physical parameters of the problem. Dimensionless number G can be determined from the condition that the free boundary of the bridge shall extend to both the upper and lower cylinders at an angle equal to the contact wetting angle.
An algorithm to calculate the shape of curve L is developed in the following manner. An initial estimate G 0 value is provided for parameter G. We assume that the left branch of curve L passes through point M 0 (x 0 , y 0 ) (Fig.  1) , which is determined by central angle ψ 0 . Then, at this point ϕ 0 = ψ 0 + θ 0 . Using the formulas in Eq. (4), we calculate the coordinates of the points in curve L, moving from the lower to the upper cylinder; specifically, we increase angle ϕ to a value of ϕ * such that the values of x * and y * determined by formulas (4) meet the condition
where r 1 = R 1 /R 0 and h = H/R 0 . According to the terms of the physical problem, the angle between the tangent to curve L and the tangent to the cylinder at the contact point shall be equal to θ 0 . If this is not achieved for the given values of ψ 0 and G 0 , then we select another value for G by the method of successive approximations, keeping ψ 0 constant, to obtain
Thus, the solution to the problem includes parameters Bo, ψ 0 , and G, together with the given geometrical sizes and contact wetting angle. Parameter G is determined from the condition that, for a specified value of the parameter, the angle between the upper cylinder and the free surface of the liquid bridge equals the contact wetting angle. Solutions to the problem exist for multiple values of parameter ψ 0 . For wetting angles above π/2, solutions exist starting from ψ 0 being equal to zero. For contact wetting angles below π/2, there is a minimum value of ψ 0 where the solutions can be found, which is determined from the condition that the free boundary of the liquid bridge is tangent to the vertical plane of symmetry. According to analysis of Eq. (4) and the calculations based on these equations, for ψ 0 values below some ψ cr value, the free boundary of the liquid bridge has the curvature of one sign. With an increase in angle ψ 0 above this critical ψ cr value (up to another limit value, ψ lim ), the free boundary of the bridge takes the shape of a curve with an inflection point. The following increase in angle ψ 0 leads to the fact that the free boundary takes a physically unrealizable shape with crossing boundaries of the lower cylinder. Examples of the calculations for the free boundaries of such bridges in which Bo = 13.48, θ 0 = 36
• , r 1 = 1, and h = 0.2 are shown in Fig. 2 , where ψ cr = 26.4
• and ψ lim = 66.5
• . The shapes of the critical bridges with free boundary curvatures of one sign are shown in Fig. 3 at different widths of a gap between the cylinders for the same values of Bo = 13.48 and θ 0 = 36
• , and the corresponding dependences ψ cr (h) are shown in Fig. 4 . The dimensionless area of semi-bridge cross-section s br = S br /R 2 0 is shown in Fig. 5 , which depends on angle ψ 0 for the given values of Bo, θ 0 , and h.
APPROXIMATE ANALYSIS OF LIQUID BRIDGE MOTION
Next, let us consider the motion of a liquid bridge formed between two tubes located one above the other and inclined to the horizontal plane at some small angle γ. According to our experimental observations, at least at low γ values the shapes of the bridges are constant along their whole length, and this shape coincides visually with the shape of an immobile bridge (at γ = 0). The liquid within the bridge moves along the inclined tubes under the action of gravity. • During this process, the pressure is constant along the free boundaries. Hence, the bridge has the properties of a free jet, and the pressure gradient along the bridge is dp dZ = −ρg · sin γ
Simultaneously, the flow in the bridge is slowed down because of friction on the tube walls. For low tilt angles, the gravity and friction forces are balanced and the liquid moves along the tubes with the velocity independent of Z in the direction parallel to the tubes. The flows in the liquid bridge and channel between the parallel flat walls can be assumed to be similar. It is known (Schlichting, 1955) that the Navier-Stokes equations for laminar plane flow in a channel limited by the parallel flat walls have an exact solution
where 2b is the channel height; µ is the dynamic viscosity of the liquid; and Z and Y are the longitudinal and transverse coordinates, respectively, of the channel walls. The volumetric flow rate for the flow in a plane of width b is
Let us assume that formulas (5) and (6) are also valid at the centerline of the bridge, where b = H/2. Then, based on formula (6) with consideration of condition (5) the liquid velocity in the middle of the bridge takes the following value:
and the liquid flow rate in the bridge can be determined by using Eq. (7) together with the approximation that the channel depth is defined by S br /H as follows:
where S br is the cross-sectional area of the bridge. Now let us consider the turbulent flow in the bridge. It is known (Schlichting, 1955) that the Blasius resistance law works well for unbounded flow around a single plate, channel flow between parallel plates, and flow within tubes. According to this law, the shear stress induced along the wall by the fluid flow (as it applies to the flow between parallel walls) is
(10) and the power-series distribution of the velocities (the 1/7 law) corresponds to this friction
The Blasius law was successfully applied in the analysis of turbulent flows in the liquid film flowing along an inclined plane (Alekseenko and Kuibin, 1996) . We will use this law to describe the turbulent flow in a liquid bridge. As it applies to the bridge, formulas (10) and (11) take the following form:
Considering the equilibrium character of the bridge (2τ w = ρ · g · H · sin γ), we obtain the following condition for determination of the liquid velocity along the symmetry plane of the bridge:
By the analogy with the laminar liquid flow, it is easy to show that the liquid flow rate in the turbulent flow in a bridge is q
The transition from laminar to turbulent flow is assumed to occur when the velocity in the middle of the liquid bridge given by Eq. (8) becomes equal to the velocity calculated for the turbulent flow given by Eq. (14).
EXPERIMENTAL STUDIES OF THE BRIDGE FLOW
The scheme of the experimental setup is shown in Fig. 6 . Two aluminum tubes (10 mm in diameter and 1200 mm long) were mounted one above the other with the ability to vary both gap H between the tubes and tilt angle γ relative to the horizon. In these experiments water was used as the working liquid at room temperature, where H = 2.5 mm. Liquid was supplied to the gap between the tubes in the upper part of the setup; as a result, the bridge flow formed along this gap. According to visual observations, the flows with inflection points in the cross section of the FIG. 6 : Scheme of the bridge flow experiment free boundary of the bridge were unstable and they decayed. The bridges with free boundary curvature of one sign (without the inflection points) were relatively stable and moved along the tubes without effort.
The experimental flow kinematics investigation was carried out using a laser Doppler anemometer with adaptive temporal selection of the velocity vector (LDA-056 Kutateladze Institute of Thermophysics SB RAS, Novosibirsk) (Klimov et al., 2017) . The laser-optic velocity measuring circuit was based on a semiconductor laser. The meter measured two projections of the velocity vector in the range of 0.001-30 m/s. The relative measurement error did not exceed 0.1%. The measuring area size was 0.1 × 0.1 × 0.5 mm.
In the experiments, the total liquid flow rate in the bridge and liquid velocity U in the region of its constriction were measured simultaneously. Flow velocity measurements were made at different points along the length of the tubes. As a rule, at the initial section, up to 250 mm in length, a liquid bridge formed and the flow was unstable. Below this section, the bridge was stable and the flow velocity took practically the same values along the entire gap between the tubes. The experiments have shown that for a given tube inclination angle value in the range from 4
• to 7
• , and for sufficiently large ranges of liquid flow rate change (from 1 to 7-8 g/s), steady bridge flows form between the tubes, where velocities U take closer values. With a decrease in the angle of tube inclination (γ = 2
• ), the existing stable bridge region becomes substantially narrower.
In Fig. 7 , depending on the tube inclination angle, the dependences of calculated liquid velocities U l and U t in the bridges were derived by formulas (8) and (14), respectively, for laminar and turbulent flows, and the results of the experimental measurements are presented. Under these experimental conditions, curves U l (γ) and U t (γ) intersect at point = 2.4
• ; therefore, U lt = 0.32 m/s. Consequently, the laminar-turbulent transition in the bridge occurs at Reynolds number Re = (U lt · H)/ν = 800. It can be seen that the experimental data are in satisfactory agreement with the results of the approximate theoretical analysis.
It is known that in the free films of liquid falling down an inclined surface, the flow takes the turbulent character at Re ≥ 400 (Alekseenko et al., 1994) . If the characteristic length scale of the bridge flow is taken to be a half of the tube spacing, H/2, then the critical Reynolds numbers of the bridge flow will coincide with the critical Reynolds number for a falling film.
CONCLUSIONS
Liquid bridges formed between the cylinders mounted one above the other and moving downward were studied theoretically and experimentally. The defining parameters for constructing the shape of the bridge cross section are the Bond number, wetting contact angle, width of the gap between the tubes, and the location of the contact of the free boundary of the bridge cross section and the lower or upper tube (or cross-sectional area of the bridge). The value of the bridge motion velocity for the aforementioned parameters is determined by the angle of the tube inclination to the horizon. At a constant value of angle γ, the flow velocity in the region of bridge constriction remains practically unchanged when the cross-sectional area of the bridge changes within certain limits. At low angles of tube inclination, the experimental data are consistent with the laminar flow regime in the bridge, and at high angles, they match the turbulent flow model. The critical Reynolds number of the bridge flow is near (U lt · H)/ν = 800, and this corresponds to the critical value of the flow in the falling liquid film.
FIG. 7:
Liquid velocity U in the bridge versus the inclination angle of the tubes
